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Abstract 

We have proceeded the analogy, represented in our previous works, of the Einstein tensor and 
the alternative form of the Einstein held equations for the generic coefficients of the eight terms in 
the third order of the Lovelock Lagrangian. We have found the constraint between the coefficients 
into two forms, an independent and a dimensional dependent versions. Each form has three 



q-( degrees of freedom, and not only the coefficients of the third order Lovelock Lagrangian do satisfy 

the two forms of the constraints, but also the two independent cubic of the Weyl tensor satisfy the 

^q| independent constraint in six dimensions and yield the dimensional dependent version identically 

independent of the dimension. Then, we have introduced the most general effective expression 
for a total third order type Lagrangian with the homogeneity degree number three consisted of 
the previous eight terms plus the new three ones among the all seventeen independent terms. We 
have proceeded the analogy for this combination, and have achieved the relevant constraint. We 
have shown that a few expressions given in the literature as the third Weyl-invariant combination 
in six dimensions do satisfy this constraint. Thus, we suggest that these constraint relations to 
be considered as the necessary consistency conditions on the numerical coefficients that a Weyl- 
invariant should satisfy. Finally, we have calculated the classical trace anomaly (an approach 
that was presented in our previous works) for the introduced total third order type Lagrangian 
as a general expression with four degrees of freedom (in more than six dimensions, and three in 
six dimensions). Then, we have demonstrated that the obtained expression contains exactly the 
relevant coefficient of the Schwinger-DeWitt proper time method (that linked with the relevant 
heat kernel coefficient) in six dimensions, as a particular case. Of course this result is a necessary 
consistency test, but our approach may be regarded as allowing an alternative (perhaps simpler) 
classical derivation of the trace anomaly that gives a general expression with the relevant degrees 
of freedom. 

PACS number: 04.20. - q ; 04.50. + h ; 04.20.Cw ; 04.90. + e 

Keywords: Higher Order Gravities; Non-Linear Lagrangians; Weyl Invariants; Heat Kernel Coefficients; Love- 
lock Lagrangian. 



1 Introduction 

In our previous work [1], we have highlighted that the splitting feature of the Einstein tensor 
(as the first term of the Lovelock tensor [2]) into two parts - namely the Ricci tensor and the term 
proportional to the curvature scalar - with the trace relation between them is a common feature of 
each homogeneous term in the Lovelock tensor. We have emphasized that, indeed, this property can 
been resulted through the variation procedure. Then, motivated by the principle of general covariance, 
we have shown that this property can be generalized, via a generalized trace operator which we have 
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defined and denoted by Trace notation (instead of the trace one), for any inhomogeneous Euler- 
Lagrange expression that can be spanned linearly in terms of homogeneous tensors. And, as an 
immediate application, we have demonstrated that the (whole) Lovelock tensor (which is constructed 
of terms with a mixture of different orders) analogizes the mathematical feature of the Einstein tensor, 
and hence, we have classified the Lovelock gravity as a generalized Einstein gravity. 

Still motivated by the principle of general covariance, we have proceeded [3] further the analogy 
and enforced the mathematical form of the alternative form of the Einstein field equations (as a 
covariant form for gravitational field equations) for the relevant alternative form of the Lovelock field 
equations. From this, we have found that the price for this analogy is to accept the existence of the 
trace anomaly of the energy-momentum tensor even in classical treatments. Thus, we have actually 
denoted [3] a classical view of gravitation which explicitly shows the presence of an extra anomalous 
trace for the energy-momentum tensor with an indication of the constitution of the higher order 
gravities towards it, exactly as what has been verified [4, 5, 6] in the quantum aspects of gravity. 
Indeed, in the quantum theory, one relates and justifies the presence of the trace anomaly, classically, 
to higher order gravities [7]. We have interpreted [8] that this classical procedure also indicates 
compatibility with the Mach idea. 

Then, we have employed [3] this procedure for any generic coefficients of the second order term 
of the Lovelock Lagrangian. And thus we have gotten the resulted trace anomaly relation exactly 
the same as the trace anomaly consistency constraint which had been suggested by Duff [9] in any 
dimension. In addition to the second term of the Lovelock Lagrangian, the action constructed by 
the square of the Weyl conformal tensor} which is the only local geometrical conformal invariant 
in four dimensions, also satisfies this constraint relation (only) in four dimensions (note that, the 
Weyl tensor is itself identically zero in three dimensions). This exact equality, between the trace 
anomaly relation suggested by Duff and the constraint relation that the constant coefficients of any 
generic second order Lagrangian must satisfy in order to hold the desired analogy, indicates that 
there may exist an intriguing interplay here. Indeed, one may speculate that an intrinsic reason for 
the existence of such a relation should perhaps be, classically, somehow related to the covariance 2 
of the form of Einstein's equations [3]. That is, by employing the generalized trace relation, the 
appearance of the trace anomaly may be interpreted as the Lovelock modification of gravity even 
in the classical treatments. Though it is somehow a naive conjecture, nevertheless, it gives almost 
an easy classical procedure to grasp the desired result which, besides what have been already given 
in the literature [11, 13, 14, 15], may indicate of an intrinsic property behind it. Hence, as a main 
advantage of this procedure, we have suggested [8] that this analogous of the Einstein tensor can even 
be employed as a criteria in order to distinguish correct/legitimate metric theories of gravity which 
are either homogeneous functions, or linear combinations of different homogeneous functions, of the 
metric and its derivatives. 

The analogy is also capable to provide dimensional dependent relations. Actually, we have derived 
a dimensional dependent version of the Duff trace anomaly relation in Ref . [8] , in where we have also 
summarized the important achievements of the procedure. The Gauss-Bonnet term and the Weyl 
squared do satisfy this dimensional dependent constraint relation in any dimension. This dimensional 
dependent version of the Duff trace anomaly relation has also been re-derived in Ref. [16] (their 
relation (7)) by classifying higher derivative theories of gravity whose the traced field equations have 
a reduced order. 

Now, in this work, we propose to probe further the analogy for the field tensor of the corresponding 
generic coefficients of the third order term of the Lovelock Lagrangian, and then for any type of third 



According to the classification of Ref. [5, 10], based on the dimensional regularization and power counting, this 
constraint indicates that in four dimensions (and indeed, in even dimensions), the anomaly can have two contributions, 
a type A anomaly (the Euler density invariants) and a type B anomaly (built from the conformal invariants). Also, 
a purely algebraic classification (independent of any regularization scheme) of the structure of the Weyl anomalies in 
arbitrary space-time dimensions has been presented in Ref. [11]. 

2 In the semi-classical approach of quantum gravity theory, which has been employed to deduce the trace anomalies, 
the conformal invariance is sacrificed [12] to the needs of the general covariance (though, in contrary, see Ref. [13]). 



order Lagrangian. For this purpose, we give a brief review on the trace idea, particularly on the 
definition of the generalized trace tool in the following section. In Sect. 3, we provide the necessary 
relations for the generic third order Lagrangian terms and their Euler-Lagrange expressions. Also, 
in addition to the eight linearly independent terms, which appear in the third order of the Lovelock 
Lagrangian, we specify the other linearly independent types of third order Lagrangian terms. Then, 
in Sect. 4, based on the desired analogy, we derive the constraint relations among the constituent 
coefficients of the generic third order Lagrangians in two forms, an independent and a dimensional 
dependent versions. Hence, we match these relations for the two linearly independent scalars formed 
by the cubic of the Weyl tensor. The other Weyl-invariants are investigated when we incorporate all 
types of third order Lagrangian terms in Sect. 5. Actually, we first probe the trace analogy for the most 
general effective expression that we will introduce as a total third order Lagrangian, and then examine 
the resulted constraint relations for the numerical coefficients of the Weyl-invariants. We indicate the 
classical view of the trace anomaly in six dimensions in Sect. 6, in where we also demonstrate that it 
has an interesting similarity with the appropriate heat kernel coefficients. Conclusions are presented 
in the last section, and some necessary formulations for the metric variation of a few Lagrangian 
terms plus a few useful relations are furnished in the Appendix. 

2 The Trace Idea Review 

We follow the sign conventions of Wald [17] and, analogous to the Einstein field equations, 
we assume geometry is proportional to matter in a way that the gravitational field equations are 



(gravi.) 



K 2 T a p/2, where the gravitational tensor, G t 



(gravi.) 



represents geometry, k 2 = I67rG/c 4 is 



the constant of the proportionality and the lower case Greek indices run from zero to D — 1 in a 
L>-dimensional space-time. Actually, the gravitational tensor is the Euler-Lagrange expression given 
in the process of the metric variation of the action, J L(s rav1 -) y/— g d D x, i.e. 
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Also, analogous to the Einstein tensor, we demand 



/-.(gravi.) _ D (gravi.) 
b «/3 - U a/3 



-a «i? (gmvL) 



(2) 



with the trace relation between its two parts, exactly the same as the one yields between the Ricci 
tensor and the Ricci scalar. 

In addition to the Einstein tensor, the Lovelock tensor has also been employed as a gravitational 
tensor. For example, the superstring theory, in its low energy limit, suggests that the Einstein- 
Hilbert action should be enlarged by the inclusion of higher order curvature terms, and in order to 
be ghost-free it has been shown [18] that it must be in the form of dimensionally continued Gauss- 
Bonnet densities (i.e., the Lovelock Lagrangian terms). An important aspect of this suggestion is [19] 
that it does not arise in attempts to quantize gravity. The ghost-free property and the fact that 
the Lovelock Lagrangian is the most general Lagrangian which (the same as the Einstein-Hilbert 
Lagrangian) yields the field equations as second order equations, have stimulated interests in the 
Lovelock gravity and its applications in the literature? The Lovelock Lagrangian is [2] 
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0<n<f 



where we set c± = 1 and the other c n constants are of the order of the Planck length, £p = y/%G/c A , 
to the power 2(n — 1), for making the dimension of 2v( Lovclock ) to be the same as l/ 1 ' = L E _ H = R/k 2 . 



For review on the inclusion of higher order Lagrangians see, e.g., Refs. [8, 20] and references therein. 



The 5a 1 " ' a v is the generalized Kronecker delta symbol, which is identically zero if p > D, and in 
relation (3), the extremum value of n is related to the dimension of space-time by 

§ - 1 even D 

(4) 
^ odd D. 

Hence, the £( Lovelock ) reduces to the Einstein-Hilbert Lagrangian in four dimensions, and its second 
term is the Gauss-Bonnet invariant. The Lovelock tensor, as dimensionally reduction Euler-Lagrange 
terms, is [2] 

^(Lovelock) __ V^ 1 „ „ «-«to D /8l/?2...D fon-lfon = V^ „ r^ (K\ 

^a/3 ~ 2-~i 2«+l ni/a ^ °/3/3i.../3 2 „ n «i«2 rL a 2n -icx2n — Z^ C ™ ^0/3 ' \°) 

0<n<f 0<n<f 

where the cosmological term has been neglected and the Gl = G a p, i.e. the Einstein tensor. Relation 
(5) can also be written as G %° vclock) = i^ ovelock ) _ 5a/3 i?( L °- lock )/2, where [1] 

^Lovelock) _ J2 Cn B%) an d ^(Lovelock) =K 2 L (Lovclock)_^ ^ R (n) ^ (6) 

0<n<f 0<n<f 

with i?^o defined as 
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where also -R^i = i? Q/ g and W- 1 ' = R. With the usual definition of trace (i.e., the standard contraction 

of any two indices), we obtain [1] trace R^a/n = R^ n \ hence one cannot achieve a similar trace 
relation for the two parts of the whole Lovelock tensor. However, we have showed [1] that with the 
generalized trace (denoted by Trace, as distinct from the trace) operator, defined as follows, one 
can modify the original form of the trace relation adequately, and achieves Trace R™1 = R^ n ', hence 
Trace i?J° vclock) = tf(L°vciock) _ 

For a general ( M ) tensor which is a homogeneous function of degree h with respect to the metric 
and its derivatives (denoted in brackets attached to the upper left-hand side of the tensor) , we have 
defined [1] 

N , M 



rfcl I h w-m trace l"U Ql -^ ft g M when ft - f + f ^ 

Trace WA ai -°" r , B M ■={ h ~% + f 2 2 (8) 

Pl - PM \ trace ^A^-^ Pi ... Pm when ft - f + f = 0, k ' 

where, without loss of generality, the homogeneity degree number (HDN) conventions of g^ u and 
g^ a are taken to be one. The HDN of a term consisted of cross functions is obviously found by 
adding the HDN of each of the cross functions. Hence, for example, when ft' + ft 7^ — 1 and h! 7^ 0, 
one gets 

trace ( C A^) - j ^ ^^^ [^ iov h = - 1} W 

and when ft' + ft = — 1 and ft' 7^ 0, one has 

Trace (Mcl h U^) = (ft + 1) [ft ' ] C Trace ^A^ . (10) 

Note that, as a homogeneous Euler-Lagrange expression has a uniform HDN, then one can work 
with the usual trace instead of the generalized trace operator. However, the notion of the gener- 
alized trace operator has been introduced to be effective when one considers the Einstein-Hilbert 
Lagrangian plus higher order terms as a complete gravitational Lagrangian, i.e. when one works with 
an inhomogeneous Lagrangian constructed linearly in terms of homogeneous terms. 



3 Third Order Lagrangian Terms 

The third order Lagrangian of the Lovelock Lagrangian is [21, 22, 23] 

L(3) = —{K x - 12K 2 + 3K 3 + 16K 4 + 24K 5 - 24K 6 + 2K 7 - 8K 8 ) , (11) 

where 4 

Ki = R 3 , K 2 = RRp U R pu , K 3 = RR pTiiV R pTp \ 

K 4 = R pl 'R^Rv 1 , K$ = R pT R pu R ppTV , Kq = R\ p R Tph ' R p T pv , 

K 7 = R° T pu R p » Xp R xp aT , K 8 = R°\ v R pX ap R up rX . (13) 

These third order terms are the only linearly independent scalar terms, and the corresponding third 
order generic Lagrangian can be written as 

^generic = \ ( b l K l + & 2^2 + b 3 K 3 + 64^4 + hK 5 + b 6 K 6 + b 7 K 7 + b 8 K 8 ) , (14) 

where the bi's are arbitrary dimensionless constants, and obviously, in six dimensions, only seven of 
these eight terms are effective (see identity (37)). From definition (5), the third term of the Lovelock 
tensor is [21, 23] 
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After some rather bulky calculations, the full appearance for the Euler-Lagrange expression of the 
third order generic Lagrangian can be written either as 



Cgetric)^ = K N ^ + H <*) ~ \*# (** generic + ^ (3) ) , (16) 

or, inspired from the Euler-Lagrange expression (1) and assumptions 

5L te*vi.) / 6g af) _ ^(gravi.)^2 &nd ^(gravi.) = ^(gravi.)/^ ^ 



as 



G (gLic) a/3 = 3 (^ + H <# ~ \ 9 ^ M(3) ) " h 2 *><# generic - (18) 

where 5 [23] 

M (3) = f-36 4 + 2b 5 )(K 4 - K 5 ) + (b 5 + b 6 ) (k 6 - K 7 - 2K 8 



4 Any other relevant term can easily be written in terms of these eight terms, e.g. 

R°\ v R^« P R v xr P = K 7 /4 + K 8 . (12) 

Actually, according to Ref. [24] , the dimension of the basis of local cubic invariants with the Riemann tensor (without 
derivatives) is eight for D > 5 dimensions. 
'Also, see relation (A. 19). 



and 



-(l26i + b 2 )K 9 - (46 2 + 26 5 )^ 10 - (46 3 + h 5 + b 6 )K 11 

-(26 2 + 36 4 - h)K 12 - (36 4 - 46 5 - 2b 6 )K 13 - (l26i + 26 2 + -64)^15 

- (46 2 + 46 5 + 26 6 ) K 16 - (463 + \h) K 17 , (19) 
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(3) (3) 

As seen, in contrast to the G a L the GLg neric -, ^ is up to the fourth order jet-prolongation of the 

metric, as expected? The third and fourth order terms are due to the H a a and M^ 3 ' terms, which 
will vanish if and only if the constant coefficients satisfy the ratios 

o 2 = -12oi, 6 3 = 36i, 6 4 = 166!, D 5 = 24oi, 

6 6 = -246i, 6 7 = 26i, 6 8 = -861. (22) 



These conditions are exactly the ratios of the constituent coefficients of the special case of L^> that 

!3) 

*/3- 



(3) 

leads to the G a L Also, with the above ratios, the N a p term will be equal to its counterpart of the 



r (3) 



6 For a few solutions (mainly the black hole solutions) to the curvature-cubed (sometimes also called the six derivative) 
interactions, see, e.g., Refs. [25]. 



To amend the Lagrangian of sixth order gravity [26], Berkin and et al. [27] discussed that the 
Lagrangian term of R\Z[R is a third order Lagrangian based on the dimensionality scale; 7 however, 
it can be better justified on account of its HDN three. Indeed, to classify different gravitational 
Lagrangian terms, it is straightforward to relate [1, 8] the order n in any Lagrangian (as in the 
ZA n ') to represent its HDN and referring to Lagrangians with their HDNs rather than their orders. 
Hence, by gathering terms with the same HDN under one Lagrangian label, in addition to the eight 
linearly independent terms, in D > 5 dimensions, which appear in the third order of the Lovelock 
Lagrangian (and are up to the second order jet-prolongation of the metric), there are [23], in general, 
another nine linearly independent scalar terms, constructed from the Riemann-Christoffel tensor and 
its contractions, with the HDN three which are up to the third or even higher order jet-prolongation 
of the metric. They all also satisfy the dimensionality scale, and are 8 

K 9 = R OR K w = R pu UR^ K u = R^pr UR^ upT 

K 12 = R^R' pu K 13 = R^, p RW v K u =\3 2 R 

K lb = R, p RP K 16 = R^.. p R^P K 17 = R pupT . a R^ T ' a , (23) 



where □ = - p p . Each of the -fQ's gives a dimensionless action in six dimensions. Any other relevant 
term, e.g. R pu - pr R ppUT , can be written in terms of these terms, see, e.g. the last relation of (A.l). 
Besides, not all of their corresponding Euler-Lagrange expressions are independent; however, see the 
Appendix A for the effects of these nine terms as scalar Lagrangians. 

4 LgeLic With The Trace Property 

(3) 

In this section, we investigate the analogy for the field tensor of the £L ncric , and then, in the 
next section, for any type of third order Lagrangian including those mentioned in (23). The relevant 

(3) 

Euler-Lagrange expression G) n ^ ) 8 has been written as relations (16) and (18); however, we also 

demand to have them as in (2), i.e. G^ neric)a £ = R^ CQCric)a/3 ~ 9a/3 # g eLricA but propose to find 
out whether, and for what conditions, the relation 

^ei?g neric) ^ = 41^ (24) 

(3) 

can be valid. We carry out this investigation for both appearances of G) J . ■> a in the following two 
parts. 

Part (a): The Case G? a) . , „ 
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Using the definition of generalized trace and the fact that each of the N a p and H a p, and hence the 
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J R? a) . , -.has the HDN two [11, we get 
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and 
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7 Since two derivatives are dimensionally equivalent to one Riemann-Christoffel tensor or any one of its contractions. 
8 See also Refs. [14, 24, 28]. 
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o 00 o i 1 

-b 2 - 64 + -65 - -6 6 - 46 7 )i^i6+ (--63 + -be + 67 - -6 8 )Ki 7 



(27) 



Then, after all the necessary substitutions have been made, we find that the equality of (24) holds if 

(3) 

and only if the following conditions between those eight non-zero constituent coefficients of £ generic 
are satisfied. That is, the constant coefficients are not all independent but obey the constraint 



6 4 = 2(-6 2 + 46 3 )/3, 65 = -60 61 - 8 6 2 - 4 63, 

6 6 = 30 61 + 2 6 2 - 10 63, 6 7 = 30 61 + 146 2 /3 + 286 3 /3, 

6 8 = IOO61 + 12 6 2 + 12 6 3 . (28) 

These conditions are satisfied for (as must be the case) the non-generic Lagrangian L^\ i.e. for 

the coefficients given by relation (22)? Though, it is not only this Lagrangian that has the analogy 

(3) 
of the Einstein tensor and, using constraint (28), there are more combinations for L„ cnciic with three 

degrees of freedom (out of its eight coefficients) that have the required trace property (see below for 
other examples). 

As mentioned, the ^L^ei-ic 1S a Lagrangian which gives G, ^ ncv - lc \ a n as in relation (16) with 
^generic = k2 ^generic + M ^ ' however, one can define 10 

K 2r'(3) - K 2r(3) , M (3) / 9q N 

K -^generic — K -^generic "•" lvl > V zb V 

where, as is shown in the Appendix A, the term M^ 3 ' is a complete divergence (see relation (A. 19)) 
and will give no contribution to the variation of the relevant action. Therefore, this new Lagrangian, 

^generic S ives tne same G (generic)a/3 with ^generic - k2 ^generic which is analogous to the appearances 
of the case L^\ the complete Lovelock Lagrangian (relation (6)) and the assumption (17). 

(3) 

If one wants to use cases of L)J ncr - lc for which more than three of the constituent coefficients are 

zero (as, for example, not all of the terms in -£g Cncric have been given by the superstring theory 11 ), 
then the trace condition (28) cannot be satisfied. This is because the maximum number of coefficients 
it permits at a time to be equal to zero (otherwise all of them will be zero) are generally two, and for 

(3) 

the following special cases, three. Therefore, those cases of -kg eneric missing more than the permitted 
terms cannot provide the trace relation. The following two cases are the only cases in which three 



coefficients of the -^i e n eric can simultaneously be made zero, in which we still have one degree of 



(3) 

y genc 

freedom remaining to satisfy the trace condition. If one chooses 62 = = 63, then constraint (28) will 
give 

6 4 = 0, 6 5 = -606i, 6 6 = 306i, 6 7 = 306i, 6 8 = 1006i, (30) 

and if one sets 62 = — 206i/3 and 63 = — 5&i/3, it then will read 

b A = 0, 65 = 0, 6 6 = 100&i/3, 6 7 = -506i/3, 6 8 = 0. (31) 



9 Just by choosing 62 = —12 61 and 63 = 3&i (as in (22)), constraint (28) then gives the remaining coefficients with 
the same ratios as those of (22). 

10 Note that, although this £™ neric is again up to the fourth order (and not up to the second order) jet-prolongation 

(3) 
of the metric, its HDN is still three, identical to the L Rcncric , in agreement with our demand by gathering terms with 

the same HDN under one Lagrangian label. 
11 See, for example, Ref. [29]. 



Similar to the Lagrangian constructed from the square of the Weyl tensor, relation (A. 9), there 
are only two 12 linearly independent scalars formed by the cubic of the Weyl tensor. We choose the 
C aT ^C^ Xp C xp ar and C ar ^C^ x ap C U!) T x (with the indices similar to the ones of the K 7 and K 8 
terms, respectively). Their expressions in D > 3 dimensions (also, see the end of the Useful Relations 
in the Appendix A) are 



A = r ar ruv r x P 8(2D ~ 3) _ 24(2ZJ-3) 6 

1_ ° ^ XpU aT ~ {D-2f{D -l) 2 Al (D-2f(D-l) 2+ (D-2)(D-l) 3 

+ Ww Ki+ v^w K5 -w^) K6+K7 (32) 



and 

A = r *r r ,x r u P _ D 2 + 5D-W 3(D 2 + 5Z)-10) _ 3 

A 2 C ^O CTp G tA - (£) _ 2)3(jD _ l)2 A! + ^ _ 2)3(I) _ ^ K 2 (£) _ 2)(I) _ ^ A 3 

_2(5^-6) 3(g+| _6 

(D - 2) 3 (D - 2) 2 5 (D - 2) b 8 y ' 

The coefficients of the above expressions can satisfy constraint (28) only if D = 6. Their values in 
this dimension respectively are 13 



and 



6i = 9/200, 
6 5 = 3/2, 


6 2 = -27/40, 
6 6 = -3, 


63 = 3/10, 

67 = 1, 


64 = 5/4, 
6 8 = 


b x = -7/200, 

6 5 = -3/2, 


6 2 = 21/40, 
6 6 = 3/2, 


63 = -3/20, 
67 = 0, 


64 = -3/4, 
6 8 = 1. 



(34) 



(35) 

Alternatively, one can obviously write expression (33), in six dimensions, effectively (using iden- 
tity (37)) with the values 



61 = 9/100, 


62 = 


-39/40, 


63 = 9/40, 


64 = 5/4, 


65 = 3/2, 


6 6 = 


-3/2, 


67 = 1/4, 


6 8 = 0. 



(36) 

The Lagrangian densities made by these two cubic constructions of the Weyl tensor are the 
only conformal (Weyl) invariant in six dimensions. However, according to Refs. [10, 33], in general, 
there are three linearly independent Weyl-invariant combinations in six dimensions, and two of them 
are obviously the above purely algebraic ones. The another one (given by 14 relation (47)) contains, 
in addition, from the other nine third order Lagrangian terms mentioned in (23), and it is one of 
the reasons why we will extend the analogy further to consider any type of third order Lagrangian, 
including the terms in (23), in the next section. 

In six dimensions, by the generalization of the Gauss-Bonnet theorem, the L^>y/—g corresponds 
to the Euler densities 15 (i.e., it is a complete divergence), and hence one gets one more constraint 
among the coefficients 61 to 6 8 in this dimension. That is, in six dimensions, one has 



'Gg" - UGif + 3Gg» + 16G*> + MOg") - 24G<««> + 2G™ - 80«*> 



= 0. (37) 

6— dim. 



12 According to Ref. [30] and the appendix of Ref. [31], the dimension of the basis of local cubic Weyl-invariants is 
two for D > 5 dimensions, as, e.g., in four dimensions, one has A\ = AA2 since 5C" TT [ M yC A " y ApC Ap (T ] T = A\ — 4^2- 

13 These values already are consistent with when the generalization of the Gauss-Bonnet theorem [32] in six dimensions 
has also been considered. 

14 However, see also relations (49), (50) and (54). 



15 



5 See, for example, Ref. [14]. 



6i = 


= -3(6 2 + 6 3 )/25, 


h~- 


= 4 (-6 2 + 46 3 )/5, 


h~- 


= 2(862 + 436 3 )/15 



^ace ^SLrictofi = 3 (Trace N a p + Trace tf Q/3 ) - - M^ , (39) 



Therefore, for the remaining seven linearly independent effective terms, after substituting for one of 
the term according to identity (37), constraint (28) for the new coefficients reduces to an effective 
one. For example, by substituting for the K$ term, the effective constraint is 

6 4 = 2 (-6 2 + 46 3 )/3, 
b 6 = -4(26 2 + 176 3 )/5, 

(38) 

with two degrees of freedom, where here we have chosen the 62 and 6 3 coefficients. Constraint (38) 
is satisfied by values (34) and (36), as expected. 

Part (b): The Case G ( ? b) . , R 

\ ' (gcncric)ap 

Now, we calculate the generalized trace of the first part of relation (18), knowing the fact that 
the HDN of the M^> is three. By using relation (9), we get 

D 

L (gcncric)a,3 ~~ J^i*civ a ^ -r nai-c *J-apj ~ ^7" 

and again, after all the necessary substitutions and calculations have been performed, we find that 
the equality of (24), for non-zero coefficients, holds if and only if 

6 4 = 2(-6 2 + 46 3 )/3, 

65 = -12(D - l)6i - (D + 2)6 2 - 4 6 3 , 
b 6 = 6(D - l)6i + 2b 2 -2{D- 1)6 3 , 

b 7 = 3(D - 2){D - l)6i/2 + (D- 2){D + 1)63/6 + (D 2 + 5D- 10)63/6, 

6 8 = 4(£> - l) 2 6i + D 2 6 2 /3 + 4(2 D - 3)6 3 /3, (40) 

where at least 16 D > 3. Though constraint (40) depends on the dimension of space-time, it still gives 
three degrees of freedom out of the eight coefficients. It is satisfied by the L^ 3 ' in any dimension. This 
can be obvious after arranging constraint (40) with respect to the dimension, D, and its powers for 
each coefficient. Then from these, one can easily find that the only combination which is independent 
of the dimension is that of the L' 3 ' . 

Also, the coefficients of the scalar Lagrangians made by the cubic of the Weyl tensor, relations (32) 
and (33), identically satisfy constraint (40) independent of the dimension of space-time D. 

As is evident by comparing relations (25) and (39), constraint (40) in six dimensions is exactly 
the same as condition (28). The reason beyond it is that, suppose, in general, a P scalar term is the 
shifting term by which the two appearances given like part (a) and part (b) (i.e., similar to relations 
(16) and (18)) are arranged. Hence, by comparing these two parts, for the relevant part like part (b), 
one obtains 

^(gcncric)a/3 = "^(generic) a/3 ~ 9a(5 " and -^generic — -^generic ~ 2 "■ (41) 

Now, in order to achieve Trace R { ^l evic)a$ = ^cnlic and Trace #(JLic)a/J = ^genlic simultaneously 
satisfied, we must have Trace{g a p P) = 2P. If P is a homogeneous function of degree h with respect 
to the metric 17 then, using the generalized trace definition (8), one will get 

D = 2h when h 7^ ,.~\ 

D = 2 when h = 0. [ ' 

(2) 
In the case of L„ cncric , we have shown [8] that P oc dR, hence it has h = 2 (as expected), and thus 

D = 4. In the case of ^L^cnc' R ls proportional to the M' 3 \ therefore it has h = 3 (again, as 
expected), and thus D = 6. 

16 In three dimensions, there are other identities, e.g. relations (A. 10) and (A. 11), that should also be considered; see 
the appendix of Ref. [31] too. 

17 Though, according to the idea of gathering terms with the same HDN under one Lagrangian label, P must be a 
homogeneous function of degree n for the Li^' nelic . 



5 Other Weyl Invariants 

In this section, we extend the analogy to include the other nine third order Lagrangian terms 
in (23). In addition to the reason mentioned almost at the end of part (a), this extension is needed 
because, the conformal anomalies in six dimensions contain the term K\± (see relation (75)) which 
appears only when the Lagrangian terms (23) are considered, see, e.g., relations (A. 30) and (A. 31). 
However, as explained in the Appendix A, it should suffice to consider the Lagrangian terms K\ 
to K\q (see relation (A. 27)) rather than the K\ to Kyj. Though, as will be illustrated below, in order 
to be able to apply the trace analogy to an effective total third order Lagrangian, one, in practice, 
needs to consider all of the Kg, K±q and K\\ terms simultaneously in such a Lagrangian. Hence, by 
neglecting identity (A. 20), we consider the most general effective expression for the total third order 
Lagrangian to be 18 

^total = generic + (^9 + ^10^10 + &ll#ll) / ' ^ . (43) 

However, we again want to write its corresponding Euler-Lagrange expression as in (2), i.e. G, a n « = 
R{ $L)af) ~ 9"? ^totti A where 19 

G (total)a/3 - G (gcncric)a/3 + b 9 G af3 + »10 ^ Q/3 + &11 <^ a f3 I 44 ) 

and similar expressions for ^/ tot 4,n a /3 an d R-totlv ^ ne G Leneric)a/3 * s gi yen by relation (16) and the 
Euler-Lagrange expressions of the Kg to K\\ Lagrangian terms are given by relations (A. 30)— (A. 32). 

Also, we propose to find out the conditions for which Trace -R( t ot a n a /3 = ^total- 
After all the necessary substitutions and calculations, we find that the trace relation, for non-zero 
coefficients, holds if and only if 

6 5 = -60 61 - 122 62/15 - 52 63/15 - 64/5, 6 6 = 30 61 - 4 6 2 /15 - 14 6 3 /15 - 17 6 4 /5, 

6 7 = 30 61 + 32 62/5 + 12 63/5 + 13 64/5, 6 8 = 100 61 + 40 6 2 /3 + 20 6 3 /3 + 2 64, 

6 9 = 6 2 /30 - 2 63/15 + 64/20, 6n = -610 = 10 69. (45) 

First of all, as it is evident from constraint (45), if any one of the Kg or K\q or K\\ Lagrangian 
terms is missing at the beginning (i.e., any one of the 69 or 610 or 6n coefficients is zero), then the 
trace analogy will hold only if all of these terms vanish, and this case will return us to the case of 
part (a). This is confirmed once we set 69 = in constraint (45), whereby it reduces to constraint (28). 
Actually, we have checked this point straightforward by omitting one of the Kg to K\\ terms just 
from the beginning. For example, by considering only the K\ to K\§ terms, and carrying out the 
similar steps to what we have performed for the K\ to K\\ terms, we find that the trace analogy 
imposes the constraint 



63 = 0, 


64 = -2 6 2 /3, 


h = 


-60 61 -8 6 2 , 


6 6 = 30 6! + 26 2 , 


6 7 = 30 64 + 14 6 2 /3, 


6 8 = 


100 6i + 12 6 2 


69 = = 610, 









(46) 

which satisfies constraint (45). Indeed, it is constraint (28) when its 63 coefficient vanishes, i.e. it is 
the corresponding case of (38) when the 63 coefficient is zero instead of the 6 8 one. 

Also, one can easily get the same result by considering the outcomes of Ref. [16] in where they 
have also derived almost the dimensional dependent constraint version for the trace relation (through 
a proportionality parameter u) via classifying the six derivative Lagrangians of gravity whose the 



We have dropped the prime sign on the &i's. 



19 In this section, as we intend to apply the results only for six-dimensional case, we consider the analogy only for the 
appearance of the G,. a . ^ g in accord with part (a) of the previous section. However, we perform the analogy for the 

appearance of the G/ to1 : al , ~ in accord with part (b) in the Appendix B. 



traced field equations have a reduced order (see the Appendix B). They have employed the K\ to K$ 
terms plus -K15, K±&, Kyj (that by identities (A. 24), (A. 25) and (A. 26) are equivalent to Kg, K\g and 
Kn, respectively) and K13 terms, even though they have also mentioned that these terms are not 
all linearly independent because of relations (A. 20) and (A. 22). Now, if one sets the coefficients of 
the Ku and K13 terms simultaneously zero in their result (their relation (B15)), then the coefficients 
of the Kg and K\g terms will vanish as well and the remaining relations (after substituting for their 
proportional parameter in terms of the other coefficients, namely u = 6(D — l)bi + 262) will reduce 
to constraint (40)?° 

Yet, one may argue that identity (A. 20) can equally be used for one of the other terms K 4 to Kg 
as well. In this case, and without lost of generality, if one substitutes for, e.g., the Kg Lagrangian 
term, then the calculations will give constraint (45) when its bs coefficient is zero. Now, if one also 
set 69 = in this new constraint, it will reduce to constraint (38) which is an especial case of part (a) 
in six dimensions. Thus, in order to have a more general situation, it is more adequate to consider 
all the K\ to K\\ terms simultaneously? 1 

Secondly, the trace analogy for the introduced Gu^l^^a gives the number of independent 6j's to 
be four. This confirms an earlier analysis based on the cohomological point of view (see Ref. [14] 
relation (4.13)) which also gives consistency conditions (again see the invariance condition (4.10) of 
Ref. [14] for numerical linear combinations of the first ten unknowns 6j). Also, the maximum number 
of permissible missing coefficients of b\ to bs is three in constraint (45). However, once again in six 
dimensions, due to relation (37), one has one extra constraint. 

Let us now examine constraint (45) for the numerical coefficients of a few available Lagrangians. 
As mentioned in part (a), Deser et al. [10] (relation (25c) of their paper) and Karakhanyan et al. [34] 
(relation (2.18) of their paper) state that the corresponding Lagrangian density of the expression 
(after adapting the sign convention) 

q 27 21 

A 3 = c^pt U C^pr - 2 C^ a C^ p pR? a + 3 C^prRWR"* + - K 4 - — K 2 + — K x (47) 

is also a Weyl-invariant combination in six dimensions? 2 After substituting for the Weyl tensor in six 
dimensions, it reads 

As = m Kl ~ t K2 + 1 K4 + 5 K5 ~ 2 K(i + ~L Kg ~ Kl ° + Kn • (48) 

The coefficients of (48) satisfy constraint (45). Another similar expression is given in relation (4.7) 
of Ref. [14] as (after adapting the sign convention) 

M 3 = -K 1 +8K 2 + 2K 3 - 10K 4 -10K 5 --K 9 + 5 K 10 -5K n , (49) 

that also satisfies constraint (45). 

Karakhanyan and et al. [34] also claim that there is an additional 23 Weyl-invariant action in 
six dimensions with the scalar Lagrangian (relation (2.19) of their paper, after adapting the sign 
convention) 

A 4 = K w - ^ Kg + 2 C^ pT R^R UT - K 4 + -L K 2 + ±- K x . (50) 

10 10 50 



20 Note that, if one sets only the coefficient of the K13 term zero and D = 6 in their result, and substitutes for their 
proportional parameter in terms of the other coefficients, one will get constraint (45). 

21 The same third order terms (though in different combinations) have also been used in Ref. [34] (its relations (2.12)- 
(2.17)) as all six-dimensional dimensionless actions. 

22 For the Weyl-invariant expressions in arbitrary dimensions see Refs. [16, 30, 35]. 

23 However, the relations A3 and A4 differ [34] from Ai and A2 in that they have non-zero Weyl variations and one 
can employ them (only) as constraints on local countcrtcrms, but cannot be considered as independent contributions 
into the anomaly. 



Again, after substituting for the Weyl tensor in six dimensions, it reads 

A 4 = ^K 1 -K 2 + 2K 5 -^K 9 + K 10 . (51) 

Now, if one properly inserts the K\\ term from identity (A. 20) into relation (51), then it will read 
effectively as 24 

A A = ^K l -K 2 + \K± + \K b -\Ks + \K 7 + \K % + ±-K 9 -\K w + \K 11 , (52) 

25 6 6 6 6 6 30 6 6 

that its coefficients satisfy constraint (45). 

Arakelyan and et al. [36] give in relation (18) of their preprint, as the third linear cocycle, the 
expression (after adapting the sign convention) 

S 3 c = J[c a ^ u UC a ^ v + AC a ^C^ vp Ri - \c^C aixvp R 

+%{C a ^C Ppvp )' P a - ]p (C^CVp)] V=9(Px = J L 3 c V=gd 6 x . (53) 

Substituting for the Weyl tensor in six dimensions, the used Lagrangian, apart from the complete 
divergent terms, is actually 

, C ff 11 27 6 1 

L% = -— K x + — K 2 - - K 3 - 3K 4 - 4K 5 + AK % + — K 9 - K w + K n , (54) 

that also satisfies constraint (45). Another similar conformal anomaly is given in relation (5) of 
Ref. [37] as (after adapting the sign convention and correcting a minor mistype) 

1 /" r 1 1 1 3 5 2 2 23 

T A = - — -^ / Ki + — K 2 K 3 - -K 4 + — K 5 K 6 + -K 7 K 9 

540 x (4tt) 3 J L 300 10 10 7 21 & 21 b 7 210 

13 „ 1 „ i , — .« 1 



+ 42^° + 12^ ^^ S 54C^W J LA ^ d&X ' ™ 

where, by properly inserting the K\\ term from identity (A. 20), the Lagrangian effectively reads 

L A = K 1 -\ K 2 K 3 -\ K 4 --K 5 K 6 -\ K 7 ^ K s -\ K 9 K 10 j K n . (56) 

300 10 10 21 7 14 b 42 7 21 8 140 14 U 14 V ; 

These coefficients satisfy constraint (45). 

Also, two Weyl-invariants (denoted by £ and 0) have been introduced in arbitrary dimensions 
in Ref. [16] (their relations (B17) and (B18)), which in six dimensions are 

®l6-dim. = ~~ 8^l6-dim. 

4 9 \ 

— K x + 2 K 4 + 6 K 5 - 8 K 7 - 16 K 8 K 15 + 3 K 16 + total derivative . (57) 

25 10 / 

Using identities (A. 24) and (A. 25), and again properly inserting the K\\ term from identity (A. 20), 
the conformal anomaly (57) effectively reads 

S l6-dim= "|^i " 2 ^4 + 10 K 5 + 2 K 6 - 10 K 7 - 20 K 8 - ^K 9 + K w - K u , (58) 

that its coefficients satisfy constraint (45). 

In the next section, we examine the outcome of our rigorous pursuit of the trace analogy approach 
for the leaded trace anomaly (which also indulges into the heat kernel) for the third order terms in 
six dimensions. 



24 Indeed, relation (51) should be the effective one. 



6 Classical Trace Anomaly 

As mentioned in the Introduction, by enforcing the mathematical form of the alternative form of 
the Einstein field equations, i.e. R a p = k 2 S a p/2 where the source tensor is S a p = T a p—g a p T/(D — 2) 
in a D-dimensional space-time with T = Trace T a g , for the relevant alternative form of the Lovelock 
field equations, we have classically justified [3] that one gets 

p (Lovelock) _ 1 2 Q (gcncr&.) fcnX 

U a/3 — 2 °a$ ) l 0y J 

where the generalized source tensor is 



1 

'aft = -Lap — jj _ 2'- 



S a a l ' = T a p — — -g a /3 {T + ^anomaly) (60) 



and 

"ext . _ 1 "cxt 

t . — .,.— 2 n V^ „ u( n ) — V* r 

anomaly ' 



^anomaly " K ^ 2j „ Cn ^ ~ Z^ ^anomaly ■ (61) 

n>l ' n>l 



This shows that T^ mal = 0, as expected to be for the Einstein gravity, and gives the dimension of 
the c n to be length to the power of 2(n — 1), as indicated below the Lovelock Lagrangian (3). 

Then, we have applied [3] the outcome for the generic cases, i.e. ive neric , with the appropriate 
constraint condition on the coefficients and no upper limit for n. Actually, we have examined only 
the resulted second order trace anomaly in Ref. [3]. That is 

(2 ) _ ^ 2 D (2) 

anomaly n generic ' V Uz v 

where [3, 8] 

generic = ^ L geLric " ( 4 «1 + 2 ) UR = C^R 2 + a 2 R^R^ + a 3 R a ^ u R^ - (4 Oi + 2 ) UR , (63) 

with the constraint 

3 oi + a 2 + a 3 = (64) 

that leaves two degrees of freedom in D > 4 dimensions or, the constraint, e.g., «2 + c*3 = with one 
degree of freedom in (and up to) four dimensions (due to the Gauss-Bonnet term), where a 2 and a 3 
are just the new coefficients for the same relevant terms. 

Now in this work, we investigate the third order trace anomaly resulted from the introduced total 
third order Lagrangian (43). The trace anomaly issue for this case is 

(3 ) - 2K ~ 2D c- fl (3a) m 
-'anomaly - 3 c 3 -"total ' V u <-V 

with constraint (45) and, as defined in (44), 

42l = ^ 4eLric + ^ (3) + &9 R {K9) + 6l0 R (Kw) + 6ll fl<*»>. (66) 

The explicit expression of (66), after substituting from (14), (19), (A. 30), (A. 31) and (A. 32) when 
considering constraint (45), is 

R ttli =hK 1 + b 2 K 2 + b 3 K 3 - f 120 61 + ^62 + ^63 + y 64) K A 

+ (60 61 + ^6 2 + ^63 + y& 4 ) ^5 - (862 + 863 + 664) i^ 6 

/ 212 142 26, \ / 144, 104, 

+ (60 61 + —6 2 + —63 + yM K 7 + (160 6! + — b 2 + —b 3 



+y hjK 8 - (12 61 + 6 2 ) if 9 + ^120 61 + y 6 2 + — 63 - ^6 4 J #10 

/ ^52 52 16 \ 

+ (4 b 2 + 3 64) i^n - (60 61 + — 6 2 + —63 + y &4 J if 12 

' . 476, 316, 43, \ r ^ " /l, 4, 3, \ r , 
1 + "15" 2 + "15" 3 + I" 4 ) 13 + I 5 5 + 10 / 

+ f-12 6i - — b 2 + —63 - -bA if 15 + f 180 61 + — b 2 + —63 

+ % h ) Kw + {~ 15bl ~ ¥ 2 ~ Y h + t h ) Kl7 ' (67) 

with four degrees of freedom in D > 6 dimensions. By considering identities (A. 21), (A. 22) and 
(A.24)-(A.26), it effectively reads (though, we purposely keep the complete divergent term if 14) 

flS = b i R i +b2K 2 + 63 if 3 + (GO h + ™b 2 + ^63 + y 64) ^4 

' 118 88 27 \ 

120 61 + —6 2 + y &3 + y&4 J K 5 - (8 b 2 + 8 63 + 664) ife 

/ , 212, 142, 26, \ / , 144, 104, 36, \ 

+ f 60 61 + —62 + —63 + yM K 7 + f 160 61 + — b 2 + —63 + yMifs 

+ f 15 61 + —6 2 + y6 3 + — bA if 9 - Uoh + y6 2 + y&3 + — 64J if 10 

+ (l5 h + y 5 2 + y b 3 + ^64) ^ 11 + Q&2 " |&3 + ^& 4 ) if 14 • (68) 

On the other hand, in the quantum aspects of gravity, it has been shown that for D = 6(= 2x3) 
dimensions, the finite and renormalized expectation value of the trace of the energy-momentum 
tensor, (T p p ) rcn , would have to be [4] cubic in curvature, and so on for D = 2n dimensions? 5 This effect 
is despite the fact that the classical energy-momentum tensors, for the conformally invariant classical 
actions, must be traceless. And, it is known as a conformal, or trace, or Weyl anomaly originally 
noticed in 1973 [38], which plays an important role in understanding of many phenomena [4, 5, 39]. 
Actually, the anomalies generally occur in any regularization method as a consequence of introducing 
a scale into the theory in order to regularize it, see, e.g., Ref. [40]. The contribution of a divergent 
Lagrangian to the trace of the energy-momentum tensor is one of the above consequences. Of course, 
when the effective action is itself a conformally invariant action, the expectation value of the trace of 
the total energy-momentum tensor is zero. 

We have indicated [3] that constraint (64) is exactly the same as the consistency condition on 
the numerical coefficients that Duff suggested [9] in the process of re-examining the Weyl anomaly 
applications when the dimensional regularization is applied to a classically conformally invariant 
theory in arbitrary dimension. Also, relation (62) gives exactly the same result as in Ref. [41] has 
been shown for the relevant most general form of the anomalous trace of the energy-momentum 
tensor for classically conformally invariant fields of arbitrary spin and dimension being 

<7/>rcn = ~ 18Q a C 7r) 2 ( Q l fi2 + a 2 R »v RtlV + ^R a ^ v R^ + JDR). (69) 

By comparison, it obviously shows that 7 = — (4ai + a 2 ) which completes the trace anomaly relations 
suggested by Duff [9] and, in four dimensions, reveals c 2 oc £p 2 , as expected. 

The trace anomalies are [4] precisely the b m coefficients also referred to as Hamidew (after 
Hadamard-Minakshisundaram-DeWitt) [42] or, HMDS (after the same persons plus Seely) [43] or, 
Minakshisundaram-Pleijel [44] coefficients of the Schwinger-DeWitt proper time method, see, e.g., 
Ref. [43] and references therein. These are the t-independent terms in the asymptotic expansion of 



3 For a brief review of this subject see, e.g., Ref. [3] and references therein. 



the heat kernel 26 with the appropriate differential operator A, see, e.g., Ref. [31, 45], in 

oo 

trace e~ At ~ J2 B ™ f ^ i ^ 0+ , (70) 



m=0 
even no. 



where B m = J b m \J—g d D x are invariants of the differential operator and vanish for odd numbers 
of the m. The calculation of these coefficients by the pioneering method of DeWitt [46] is quite 
simple but gets very cumbersome at higher orders. Indeed, due to the combinatorial explosion in the 
number of terms in the b m and in the auxiliary tensorial quantities, improvement in the higher orders 
m has been tedious. Though, new algorithms and computer algebra with improvements in computer 
systems have appeared to perform great efficiency, see, e.g., Ref. [24, 47] and references therein. 

As the literature does not contain an explicit calculated expression for the trace anomaly in six 
dimensions in the semi-classical theory, we examine the third order trace anomaly result (65) by a 
straightforward use of the i>Q coefficient of the Schwinger-DeWitt proper time method. Though, let 
us first apply this comparison as a re-examining for the second order one with the h^ coefficient. 

For this purpose, if the A in (70) being the simplest such operator, e.g., the conformally invariant 
Laplacian type operator 27 

A = n-£(D)R, (71) 

then the b4, when the conformal coupling constant is £(4) = 1/6, will be given by 28 

b 4 = - .„„,, x 2 \R l ivR ,lv - Rap^ R a ^ - URj , (72) 

which is the trace anomaly in the case of massless conformal scalar fields in four dimensions. On the 
other hand, the trace anomaly (62), by substituting (63) with constraint (64), gives 



(2) K~*D 

anomaly n 2 



~ (02 + 03) R 2 + a^R^BT + a 3 R a ^„ R a ^ u + i (a 2 + 4a 3 ) \3R 



(73) 



that, using the Gauss-Bonnet theorem [32] in four dimensions, effectively reads 

'R^Br - R a ^ u R a ^ v -UR). (74) 



rp(2) eff _ 2 

-'anomaly ~~ ZK C 2 



-(a 2 + 4a 3 ) 



In comparison with (72), this consistently gives the constraint a 2 + 4a3 = —3 (or, using (64), equiva- 
lently Aa\ + a 2 = 1) with one degree of freedom and the same numerical value for c 2 , as expected. 

Now, let us investigate the issue for the third order trace anomaly. By using the relation #3 of 
the theorem 4.3 of Ref. [49], when its £ = £(D) R, the conformal coupling constant is £(6) = 1/5, the 
Wij = 0, a minor mistype is corrected 29 and adapting the sign convention, we get 

b fi = L-^( —K x - —K 2 + —K 3 K 4 + — K 5 + — K 6 

360(4vr) 3 V 450 15 15 63 21 6 21 b 

6 2 2 
-Jfn - — #12 + = #13 

7 35 7 

—#14 - —#i5 + -#ie - —#17) , (75) 

35 70 7 14 V' V ; 

which is the trace anomaly in the case of massless conformal scalar fields in six dimensions? This 
issue is also derived, using an alternative method, in Ref. [44]; i.e. from their relation (3.3) with 



50 * 


15 15 


*K, 

63 
3 _ 


1 „ 1 „ 



26 It is a very powerful tool in the mathematical physics as well as in the quantum field theory. 
27 We have checked the signs with Ref. [48], and \(D) = (D - 2)/[4(D - 1)]. 

28 See, e.g., the relation E4 of Ref. [45] when its E — R/6 and Wij = 0, and also adapting the sign convention. 
29 Its term —4:RijikR;jk must read —ARijitS-.jk, see also Ref. [50]. 

30 The coefficient — l/[360(47r) 3 ] is given in the natural units, otherwise it reads — ft 2 G/[360(47r) 3 c 2 ], for making the 
dimension of the b6 coefficient to be the same as the trace anomaly. 



£(6) = 1/5 and using relation (12), we have 



1/1 1 1 4 4 4 

-K x - —K 2 + —K 3 - —K A + —K 5 - -K 6 



360(4tt) 3 V 450 15 15 63 21 3 

Tf\ 1 TC\ A O O Q 

+ t^ K7 + i^r Ks + 7^ 10 " ii^ 12 + 7 Kl3 " ii^ 14 

63 63 7 35 7 35 

1 1 Q 24 \ 

--K 15 + -K 16 - -K 17 + yj R^ ;ApJ R^^), (76) 

which is exactly the same as relation (75) once the last relation of (A.l) is substituted. 

By considering identities (A. 21), (A. 22) and (A.24)-(A.26), relation (75) effectively reads 

360(4vr) 3 V 450 15 15 63 21 5 21 b 

Jl Kl _ 1^k 8 _ l Kg + ^ _ ± K _ l Kl4 ). (77) 

63 63 35 7 14 35 > v ' 

On the one hand, by setting b\ = 1/450, b 2 = —1/15, 63 = 1/15 and 31 64 = —4/63 in relation (68), 
we also get, in six dimensions (though, we have not used identity (37) yet), 

As it is evident, relation (78) is exactly the same as relation (77), and we have C3 oc £p 4 , as expected. 

7 Conclusions 

In our previous works, we have shown that the analogy of the Einstein tensor splitting into two 
parts with the trace relation between them can be performed not only for each separate (homogeneous) 
term of the Lovelock tensor, but also for the (whole) Lovelock tensor as a complete Lagrangian (and 
indeed, for any inhomogeneous Euler-Lagrange expression that can be spanned linearly in terms 
of homogeneous tensors), via a generalized trace operator, as well [1]. For the second term of the 
Lovelock tensor, we have discovered that it is not only this term, treated as an Euler-Lagrange 
expression of a special combination of the second order Lagrangian terms, that possesses this analogy 
and satisfies the trace relation, but also the Euler-Lagrange expressions of the other generic cases of 
the second order Lagrangian terms whose constant coefficients satisfy a specific constraint, i.e. either 
exactly the Duff trace anomaly relation or a dimensional dependent version of it [3, 8]. We have 
extended [3] the analogy further, and have manifested that the analogy of the alternative form of 
the Einstein field equations for the relevant alternative form of the Lovelock field equations reveals 
a classical approach toward the trace anomaly with an indication of the constitution of the higher 
order gravities towards it. Indeed, we have explicitly shown [3] that this procedure for any generic 
coefficients of the second order term of the Lovelock Lagrangian yields exactly the Duff trace anomaly 
relation, and even have achieved [8] a dimensional dependent version of this relation. 

In this work, we have probed further the analogy for the generic coefficients of the eight terms in 
the third order of the Lovelock Lagrangian, and have found the constraint relations between the non- 
zero constituent coefficients into two forms, an independent and a dimensional dependent versions. 
Each form has three degrees of freedom, and the dimensional dependent constraint in six dimensions 
is exactly the same as the other one. They do not allow simultaneously the missing of more than 
three coefficients. The coefficients of the third order term of the Lovelock Lagrangian do satisfy the 
two forms of the constraints and, in particular, the dimensional dependent one in any dimension. 



31 Note that, 61, &2 and 63 are evident from relation (77) when it is compared with relation (68), and 64 can be found 
from the coefficient of the term K^ when matching these relations in the case of 62 = —1/15 = —63. 



The two independent Lagrangian densities made from the cubic of the Weyl tensor (as conformal 
invariants in six dimensions) also satisfy the independent constraint only in six dimensions, and yield 
the dimensional dependent version identically independent of the dimension. 

We have specified the all seventeen independent terms of the third order type Lagrangian with 
the HDN three, among which we have justified (by using a few complete divergent terms that lead to 
relevant identities) and have introduced the most general effective expression of a total third order 
type Lagrangian with arbitrary coefficients for the remaining eleven terms (the previous eight terms 
plus the new three ones) denoted as the K\ to K\\ in the text. Then, we have proceeded the analogy 
for the field tensor of this combination, and have achieved the relevant constraint among the non-zero 
constituent coefficients. The constraint shows that, if one of these new Lagrangian terms is missed, 
then all of the three new ones will vanish (whereby the constraint reduces to the previous case); 
and also the maximum number of permissible missing coefficients of the first previous eight ones is 
again three. There are, in general, four degrees of freedom, though in six dimensions, there exists 
one extra identity among the first eight coefficients. We have shown that a few expressions given 
in the literature as the third Weyl-invariant combination in six dimensions do satisfy the obtained 
constraint relations. Thus, we suggest that these constraint relations to be considered as the necessary 
consistency conditions on the numerical coefficients that a Weyl-invariant should satisfy similar to 
the Duff consistency relations for the second order trace anomaly. 

We have reviewed the classical approach toward the trace anomaly that was presented in our 
previous works, in order to examine it for the introduced total third order type Lagrangian. Though, 
as an explicit calculated expression for the trace anomaly in six dimensions in the semi-classical 
theory has not been given in the literature, we have compared our result with its precisely equivalent 
expression, namely the h^ coefficient of the Schwinger-DeWitt proper time method that linked with 
the relevant heat kernel coefficient. For this purpose, we first have achieved our general expressions 
for the trace anomaly for the generic second (as a re-examining case) and the total third order types 
Lagrangian terms, relations (73) and (68), with two and four degrees of freedom (in D > 6 dimensions, 
and three in six dimensions), respectively. Then, we have demonstrated that the obtained expressions 
contain exactly the b4 and hg coefficients, respectively, as a particular case. Of course these results 
are necessary consistency tests, but our approach may be regarded as allowing an alternative (perhaps 
simpler) classical derivation of the trace anomaly that gives a general expression with the relevant 
degrees of freedom. 

The results obtained indicate that it is likely that the analogy of the Einstein gravity should also 
exist for a class of further generic Lagrangians of order/degree n > 6. However, for each order/degree 
to hold the analogy, there would be a set of constraints that the relevant constituent coefficients must 
satisfy. Though, extending the analogy to higher orders of generic cases does not seem technically very 
easy (even in the third order case considerable algebraic calculations was required). That is, finding 
the constraints for generic cases, or for the most general effective expressions as total Lagrangian 
terms of each order, must be performed order by order with huge calculations for each one. 
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Appendix A: Useful Relations &; Variation Of A Few Actions 

In this appendix, we furnish a few useful relations and also supply the metric variation of a few 
Lagrangian terms. 



The Useful Relations 



The following derivative relations can easily be derived from non-commutativity of the covariant 
derivatives, and the Bianchi and the contracted Bianchi identities, as [23] 



Ran' M /3 — R; o/S/2, 

-H-liav/3 — J^fiv; ft ^M/3; v i 

■^fir;v — ^;/ii//^ -ttfiavft-K' T Fi pa rL v i 

Rur^R T ^ up = K 6 /2 - K 7 /2 -K 8 - Ku/4 . 



(A.l) 



Also 



(R*' 1 );^ = ( k ~ l)R k - 2 R^» + (k- l)(fc - 2)R k ^R^R, u . (A.2) 

In the variation process, using the integrating covariantly by parts and the appropriate boundary 
conditions, one can effectively write 



, k t>\ 5§ (t-tk 



k-l 



fS(n k R) = (p k f)SR + J2(n i f) 



i=0 



l^- 1 -*)^) g ap ST T ap + (n (fc - 1_i) u) Sg ap 



i a P 



(A.3) 



where the / is any scalar function of the metric and its derivatives. 

The Euler-Lagrange expressions of a few scalar Lagrangian density terms? 2 where C = F^J—g/n 2 , 
are [23] 



G 



— F R a p - F ; a /3 — - g a /3 [F — 2 Q F 



a. s 



G 



(F{R llv W"')) 

a/3 



2F R ap Rj3 p — (F R ap ).^ 



{F'Rft P ), a p + U{F'R^ 



gap 



F-2(F'R» U ). 



fiv 



G 



{F{R pT ^RP T " v )) 



afi 



2F RapfivRp^" + 2(F Rpavp)' +2(F R p p 



i V v 



1 



g a 0F, 



(A.4) 

(A.5) 
(A.6) 



and 



(F(J2a k R)) 



V k-l 



si fc=0 
U a/3 



k=0 
1 

2 



(Eq'a)^ - (En fc / fc ) , - E Efpvooafp**- 1 - *);/*) 

' fc=0 ' fc=l i=0 

wff^DgD^-EE^V^D^-'^jl (A.7) 

^ 7 — n 7, — 1 A — n ) 



k=0 



k=l i=0 



Z-l 



gJ3 D KJ = e^i^ - e^ ;Q/3 - E(g i * Ar ) ( .«(g (, - 1 - <) a) ! 



j=0 



0) 



J-l 



^ga0\R N n l R-2n^ Nl] -J2[(o iRN )(P {l ~ 1 ~ i)R ); 



i=0 



(A. 



where the prime denotes ordinary derivative with respect to the argument, fk = dF/d\3 R and 

@m= NR N-i n i R + n i R N_ 

The Weyl conformal tensor, for D > 3 dimensions, satisfies 



(~i stafiiw r>2 _ ' p nfiis i p jjaP^v 

^aPfiu^ ~(D—l)(D — 2) (D — 2) u ^-afifiu ■"< , 



(A.9) 



32 The corresponding Euler-Lagrange expressions of Lagrangians containing the derivatives of the curvature scalar are 
firstly due to Buchdahl [51]. 



where in four dimensions C a Bu, v C a ^ v = R 2 /3 - 2R ilv R» v + R a Buu R al3piu ■ And, its associated 

4— dim. 

effective Lagrangian, by considering the Gauss-Bonnet theorem, is —2/3(R 2 — 3R MiV R )1 ' / ). In six 
dimensions, it reads C a RuvC OLl3 ^ 1 ' = 

6— dim. 

Kg/10 - K w + K n and C a ^ v , p C a ^ v ^ 
Weyl tensor identically vanishes, from re' 



R 2 /10-R^R^ + R a ^R a ^, also C a ^ u UC a ^ u 



6— dim. 



-dim. 



.K15/IO — K\q + K17. In three dimensions, as the 



ations (32) and (33) we have, respectively, 



(6ifi - 36K 2 + 3K 3 + 32K A + 2AK 5 - 12K 6 + K 7 



3— dim. 



and 



(-7Ki/2 + 21^2 - 3K 3 /2 - I8K4 - 15K 5 + 6K 6 + K 8 



3— dim. 



0. 



In four dimensions, from relations (32) and (33) and their dependence, one has 



-Ki + 18K 2 - 3K 3 - 2QK 4 - 24K 5 + 18K 6 - K 7 + 4K 8 
9 



4— dim. 



= 0. 



(A.10) 
(A.11) 

(A.12) 



Also, see Ref. [30] and the appendix of Ref. [31]. The scalar action I constructed by the cubic 
of the Weyl tensor, relations (32) or (33), in a D-dimensional space-time, through the conformal 
transformation g pu — > £l 2 gp V , conformally transforms as / — > £l D ~ & I. Hence, it is a conformal 
invariant only in six dimensions. 

• The M^> As A Lagrangian Term 

In Sect. 4, we need to know the effect of the M^> , relation (19), as a Lagrangian term. By using 
the relations 

OR 2 = 2(K 9 + K 15 ), 

n(R^ P rR^ pT ) = ^K u + K 17 ), 



[R^R. 



Ku + -K 15 



(A.13) 
(A.14) 
(A.15) 

(A.16) 



and 



R^W 



K 4 -K 5 + K 12 + K 13 + -K 15 



Rav. „R plluX ) =\k g - \k 7 -K 8 - -K u + K 13 - K 16 

/ ; A z Z 4 



«<ju/; p* 



relation (19) reads as 



(A.17) 
(A.18) 



2 



(12b 1 +b 2 )R 2 +2(2b 2 + b 5 )R llu R !1 ' / + (4b 3 + -b (i )R lluXT R^ XT 



-(2b 2 + b 5 ){R^R 



(36 4 - 2fe 5 ) (RpuR^) . " + 2(65 + h) {r^, p R^ uX ) x . (A.19) 



Obviously all of the terms are complete divergences. Therefore, with careful attention about the 
appropriate boundary conditions (that need to be applied in the process of the variation when a 
function is up to the fourth order jet-prolongation of the metric), one can easily show that these 
terms, and hence the M^> , give no contribution to the variation of the corresponding action. 



• The Kg To Kn As Lagrangian Terms 

In Sect. 5, the effect of each linearly independent term of the Kg up to Kn, as a third order 
Lagrangian term, is needed. For this purpose, using the null effect of complete divergences (A. 13)- 
(A.18) in the variation of their corresponding action and that, the term K\ 4 is itself a complete 
divergence, we obtain 33 the following identities, i.e. 

G% 11] - -4 d$> + 4 G^' ] + 2 d$* ~ 2 G%^ - 4 G^ - (j™ + 4 G%^ , (A.20) 

(A.21) 

(A.22) 

(A.23) 
(A.24) 
(A.25) 
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(A.26) 



Relation (A.20) has already been used in Ref. [45] (the last relation on its page number 612, after 
adapting the sign convention and substituting the necessary relations) and Ref. [16] (the first relation 
of their relation (14)). However, consideration caution has to be exercised in applying identities in 
general and identity (A.20) in particular, for there are associated with them some difficulties, but 
nonetheless they throw some important effects on the effective actions. 

Thus, it appears that among the Kg and Kn Lagrangian terms, it suffices to derive only the 
metric variation of the Kg and K±q terms; indeed, we mean that 

.17 .10 

5lY,h K tV=gd D x = 5lY, b 'i^V=gd D x, (A.27) 

i=i i=i 

where 

b'i = h, b'2 = b 2 , b'^ = b 3 , 

b'^ = b 4 - 4&H - 613 + 4&i7, 65 = 65 + 46n + 613 - 4&i7, ^ = b 6 + 2&n - 26 17 , 

b 7 = b 7 - 2b n + 26i 7 , b' 8 = b 8 - 46 n + 46 17 , b g = b 9 - b u + 612/2 - 6i 3 /4 - 615 + 617, 

610 = bio + 4&H - 6i 6 - 46 17 . (A.28) 

Hence, as it is customary to write a Lagrangian in terms of its effective one, one can write 

17 10 

Y.biKi^Y^b'iKi, (A.29) 



i=i i=i 



where also the word "effective" is often not mentioned. However, as explained in the text, for being 
able to apply the trace analogy for an effective total third order Lagrangian, we, in practice, need to 
consider the K\ to K\\ terms, and actually neglecting identity (A.20). 
The Kg, K\q and K\\ Lagrangian terms give 



r (K 9 ) 



2{UR)R a p - 2(D#) ;Qj g - R;aR ; p] ~ ^ <7«/3 (-4 # 14 - A 15 ), (A.30) 



33 Here, one actually means that the identity holds between the functional derivatives, i.e., for example, 
S(K iey /=g)/Sg afi = -S{K 10y /=g)/Sg aP . 



G % W) = R Z W) - \ 9*f> (-2K 6 + 2K 7 + 4K 8 +2 K 10 + K u - 4 K 13 - K u + 5 K 16 ) (A.31) 
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and 
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(A.33) 



Trace R% U)) = ^2 K 4 - 2 K 5 - 2K 6 + 2K 7 + 4K 8 + 4K W + K tl - 2K 13 -]-K 15 + 5 K 16 ) (A.34) 
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Appendix B: Dimensional Dependent Constraints For L 
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In this appendix, we perform the analogy for the appearance of the G), 1 r , 
part (b), where 
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and similar expressions for i?{ t 3 ^ al)a/3 and R^. The G^V^ 



is given by relation (18) and the 
Euler-Lagrange expressions of the Kg to Ku Lagrangian terms that are given by relations (A. 30)- 
(A.32) must be rewritten in accord to part (b). By imposing the condition Trace R 



(36) 
(total)a/3 



R 



(36) 
total ' 



and performing the bulk calculations, we find that the trace relation, for non-zero coefficients, holds 
if and only if 



h 
6 6 



-12(D - lfh - (3D 2 + 3D- 4)6 2 /3 - 4(3£> - 5)6 3 /3 - h /(D - 1), 
6(D - ifbi - {3D 2 - 19£> + 14)62/6 - 2{D + l)6 3 /3 - {3D 2 -7D + 2)6 4 /4J /(D - 1), 
b 7 = (D- 2) fo(D - l) 2 6i + (5D 2 + 3D- 6)6 2 /12 + (3D 2 -7D + 6)6 3 /3 
+ (D 2 + 3D- 2)64/8] /[2(D - 1)], 

6 8 = 4(D - l) 2 6i + (D - 1)(D + 2)6 2 /3 + 4(D - l)6 3 /3 + (£> - 2)6 4 /2, 

6 9 = (6 2 /6 - 26 3 /3 + 64/4) /(D - 1), 
610 = -2(£> - 1)6 9 , 

6n = (£> - 1)(D - 2)6 9 /2 = -(D - 2)6io/4. (B.2) 

If one sets one of the 69 or 610 or 6n zero, then constraint (B.2) will reduce to constraint (40). 
As mentioned in the text, in Ref. [16], they have also derived almost the same relations through 
a proportional parameter u. Indeed, if we set the 6i 3 = and substitute for their proportional 
parameter in terms of the other coefficients, namely u = [6(D — l) 2 6i — (D 2 — 8D + 6)6 2 /3 + 4D(D — 
2)6 3 /3 - D(D - 2)6 4 /2]/(D - 1), in their relation (B15), it will reduce to constraint (B.2). 



34 As we will not need the exact expressions of the R a a 10 and R a a , to reduce the amount of calculations we 
have derived their traces almost from the beginning. Implicitly, the appearances of the Euler-Lagrange expressions 
(A.4)-(A.8) and (A.30)-(A.32) have been written according to part (a). 
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